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Introduction 

This paper concerns curves and surfaces in 3-dimensional contact manifolds, 
whose mean curvature vector field is in the kernel of certain elliptic differential 
operators. 

First we study submanifolds whose mean curvature vector field is in the kernel 
of Laplacian (submanifolds with harmonic mean curvature vector fields) . 

The study of such submanifolds is inspired by a conjecture of Bang-yen Chen 



Harraonicity of the mean curvature vector field implies harmonicity of the 
immersion ? 

The harmonicity equation AH = for the mean curvature vector field EI of 
an immersed submanifold x : M m — ► E n in Euclidean n-space is equivalent to 
the biharmonicity of the immersion: AAx = 0, since Ax = -mi. 

A submanifold x : M — ► E n is said to be a biharmonic submanifold if AH = 0. 

In 1985, Chen proved the nonexistence of proper biharmonic surfaces in Eu- 
clidean 3-space. The conjecture by Chen is still open. 

Some partial and positive answers have been obtained by several authors |16j - 

The biharmonicity equation is regarded as a special case of the following 
condition: 

AH = A H, A g R. 

Namely the mean curvature vector field is an eigenfunction of the Laplacian. 



'Colloquium Mathematicum 100 (2004), no. 2, 163-179. Minor misprints are corrected. 
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The study of Euclidean submanifolds with AH = AH was initiated by Chen 
in 1988 (See [H]). 

It is known that submanifolds in E n satisfying AH = AH are either biharmonic 
(A = 0), of 1-type or null 2-type. In particular all surfaces in E 3 with AH = AH 
are of constant mean curvature. Moreover a surface in E 3 satisfies AH = AH if 
and only if it is minimal, an open portion of a totally umbilical sphere or an open 
portion of a circular cylinder. 

F. Defever [T7] showed that hypersurfaces satisfying AH = AH are of constant 
mean curvature. Note that Chen [T2], [T3] studied spacelike submanifolds with 
AH = AH in Minkowski space, hyperbolic space or de Sitter space. M. Barros and 
O. J. Garay showed that Hopf cylinders in 5 3 with AH = AH are Hopf cylinders 
over circles in the 2-sphere S 2 . A. Ferrandez, P. Lucas and M. A. Meroho [21] 
studied such submanifolds in anti de Sitter 3-space Hf. 

In non-constant curvature ambient spaces, results on biharmonic submanifolds 
are very few. 

Recently, T. Sasahara [37]-[38j studied Legendre surfaces in the Sasakian 
space form R 5 (— 3) satisfying AH = AH. Moreover Sasahara introduced the 
notion of "^-position vector field" and "<£>-mean curvature vector field" for sub- 
manifolds in Sasakian space form R 2n+1 (— 3). Sasahara investigated submanifolds 
in R 2n+1 (— 3) whose c/?-mean curvature vector field H v satisfies AH^ = AH«. In 
particular he classified curves and surfaces in R 3 (— 3) with AH V = AH^. Since 
both R 2n+1 (— 3) and S 2n+1 are typical examples of Sasakian space form, it seems 
to be interesting to study biharmonic submanifolds in general Sasakian space 
forms. 

Based on these observations, in the first part of this paper, we shall study har- 
monicity of mean curvature vector fields of curves and surfaces in 3-dimensional 
Sasakian space forms. Several results for 3-dimensional sphere 5 3 due to Spanish 
research group (Barros, Garay Ferrandez, Lucas and Meroho) will be generalised 
to 3-dimensional Sasakian space forms. 

Next, in the second part, we shall study another "biharmonicity" suggested by 
J. Eells and J. H. Sampson [23] . A smooth map cj) : M — > N between Riemannian 
manifolds is said to be a biharmonic map (or polyharmonic map of order 2) if its 
bitension field T2 ((f)) vanishes. In [9j, "biharmonic" curves and surfaces in S 3 are 
classified. We shall classify Legendre curves and Hopf cylinders in 3-dimensional 
Sasakian space forms, which are biharmonic in this sense. 

In particular we shall show the existence of non-minimal biharmonic Hopf 
cylinders in Sasakian space forms of holomorphic sectional curvature greater than 
1 (Berger spheres). 

The author would like to thank Dr. Cezar Dumitru Oniciuc (University "AL. I. 
Cuza ") and Dr. Tooru Sasahara (Hokkaido University) for their useful comments. 
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Part I 

1 Preliminaries 

1.1 Contact manifolds 

We begin by recalling fundamental ingredients of contact Riemannian geometry 
from [7j. 

Let M be a (2n + l)-manifold. A one form r\ is called a contact form on M if 
(drj) n A r; 7^ 0. A (2n + l)-manifold M together with a contact form is called a 
contact manifold. The contact distribution D of (M, 77) is defined by 

Z) = {X 6 TM I r/(A) = 0} . 

On a contact manifold (M, 77) , there exists a unique vector field £ such that 

r/(£) = l, dr/(£,-)=0. 

This vector field £ is called the Reeb vector field or characteristic vector field of 
(M, V ). 

Moreover there exists an endomorphism field ip and a Riemannian metric g 
on M such that 

(1) ^ = -/+T/®e, t7(o = 1, 

(2) ^x,^)= 5 (x,y)-r ? (x)r ? (y), <?(£,•) = ?7, 

(3) efypr.y) = 2 5 (x,^y) 

for all vector fields X, Y on M. On an almost contact manifold (M, rj;£,(p), there 
exists a Riemannian metric g satisfying ([2]). Such a metric g is called an compatible 
metric of M. A contact manifold (M, 77) together with structure tensors (£, 5) 
is called a contact Riemannian manifold. 

Proposition 1.1 Let (M,rj,^,(p, g) be a contact Riemannian manifold. 
Then M £ is a Killing vector field if and only if 

(4) V X £ = -^A, X€3Z(M). 
Here V is the Levi-Civita connection of(M,g). 

Definition 1.1 A contact Riemannian manifold (M,rj,£,(p, g) is said to be a 
Sasaki manifold if 

(5) (Vx<p)Y = g(X,Y)£-ri(Y)X, X,YeX(M). 
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Note that on a Sasaki manifold, £ is a Killing vector field. 

Let (M,r};£,ip,g) be a contact Riemannian manifold. A tangent plane at a 
point of M is said to be a holomorphic plane if it is invariant under (p. The sec- 
tional curvature of a holomorphic plane is called holomorphic sectional curvature. 
If the sectional curvature function of M is constant on all holomorphic planes in 
TM, then M is said to be of constant holomorphic sectional curvature. Complete 
and connected Sasaki manifolds of constant holomorphic sectional curvature are 
called Sasakian space forms. Let us denote by R the Riemannian curvature tensor 
field of the metric g which is defined by 

R(X, Y) := V X V Y - V Y V X - V [XyY] , X, Y e X(M). 

When (M, 77; £, (p, g) is a Sasakian space form of constant holomorphic sectional 
curvature c, then R is described by the following formula: 

R(X,Y)Z = ^±l{ g (Y,Z)X-g(Z,X)Y} 

{ V (Z)n(X)Y - V (Y)v(Z)X 

+g(Z,X)ri(Y)S-g(Y,Z)7i(X)£ 

-g{Y, <pZ)<pX - g(Z, <pX)<pY + 2g(X, <pY)<pZ }. 

Note that even if the holomorphic sectional curvature is negative, a Sasakian 
space form is not negatively curved. In fact, the sectional curvature of plane 
sections containing £ is 1 on any Sasaki manifold. 

It is known that every 3-dimensional Sasakian space form is realised as a Lie 
group together with a left invariant Sasaki structure. More precisely the following 
is known (c/. [6]): 

Proposition 1.2 Simply connected 3-dimensional Sasakian space form of con- 
stant holomorphic sectional curvature is isomorphic to 

(1) special unitary group SU(2); 

(2) Heisenberg group R 3 (— 3); 

(3) the universal covering group of the special linear group SL2R 

together with canonical left invariant Sasaki structure. In particular simply con- 
nected Sasakian space form of constant holomorphic sectional curvature 1 is the 
SU(2) with biinvariant metric of constant curvature 1 (hence isometric to the unit 
3-sphere S 3 ). 
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1.2 Boothby-Wang fibration 

Let (M 2n+1 , 77; £, 93, 5) be a contact Riemannian manifold. Then M is said to be 
regular if £ generates a one-parameter group K of isometries on M, such that 
the action of K on M is simply transitive. Note that if M is regular, then both 
(p and 77 are automatically invariant, i.e, £^(p = and £tr) = 0. The Killing 
vector field £ induces a regular one-dimensional Riemannian foliation on M. We 
denote by M := M/K the orbit space (the space of all leaves) of a regular contact 
Riemannian manifold M under the if-action. 

Let Xp be a tangent vector of the orbit space M at p = vr(p). Then there exists 
a tangent vector X* of M at p which is orthogonal to £ such that 7r* p X* = Xp. 
The tangent vector X* is called the horizontal lift of Xp to M at p. The horizontal 
lift operation * : Xp ^ X* is naturally extended to vector fields. 

The contact structure on M induces an almost Hermitian structure on the 
orbit space M: 

(6) JX = n*(<pX*), X e X(M). 

Let us denote by V the Levi-Civita connection of M. Then, by using the 
fundamental equations for Riemannian submersions due to O'Neill [33], we have 
the following results. 

Proposition 1.3 (|32|) Let M be a regular contact Riemannian manifold. Then 
for any X,Y G X(M) : 

(7) V x S* = (V x Y)*-g(X*, 

Proposition 1.4 (|32|) Sasakian space forms are regular Sasaki manifolds. The 
orbit space of a Sasakian space form of constant holomorphic sectional curvature 
c is a complex space form of constant holomorphic sectional curvature c + 3. 

W. M. Boothby and H. C. Wang [8] proved that if M is a compact regular contact 
manifold, then the natural projection n : M — > M defines a principal circle bundle 
over a symplectic manifold M and the symplectic form £1 of M determines an 
integral cocycle. Furthermore the contact form 77 gives a connection form of this 
circle bundle and satisfies 7r*f2 = dn. The fibering tt : M — > M is called the 
Boothby-Wang fibering of a regular compact contact manifold M. Based on this 
result, we call the fibering tt : M — » M of a regular contact Riemannian manifold 
M, the "Boothby-Wang fibering" of M even if M is noncompact. 

The unit sphere S 2n+1 is a typical example of regular compact Sasaki manifold. 
For S 2n+1 , the Boothby-Wang fibering coincides with the Hopf fibering S 2n+1 — ► 
CP™. 

In 3-dimensional case, the Boothby-Wang fibering of Sasakian space forms 
have the following matrix group models [6]: 

tt : SU(2) -»■ S 2 (c) = SU(2)/U(1), 
vr:R 3 (-3)^C = R 3 (-3)/R, 
7T : SL 2 R -> F 2 (c) = SL 2 R/SO(2). 
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Here S 2 (c) and H 2 (c) are sphere and hyperbolic space of curvature c, respectively. 
1.3 Hopf cylinders 

Now we shall restrict our attention to 3-dimensional regular contact Riemannian 
manifold M . 

Let 7 be a curve parameterized by arc length in M with curvature R. Taking 
the inverse image S« := 7r _1 {7} of 7 in M 3 . 

Here we compute the fundamental quantities of S*. 

Let us denote by P = (pi,P2) the Prenet frame field of 7. By using the 
2 _ 

complex structure J of M , P2 is given by 

P2 = Jpl 

Then the Frenet-Serret formula of 7 is given by 

Here the function R is the (signed) curvature of 7. 

Let t = (pi)* the horizontal lift of pi with respect to the Boothby-Wang 
fibering. Then (t,£) gives an orthonormal frame field of S. We choose a unit 
normal vector field n by n = (j>2)*- Since p2 is defined by p2 = J pi, n = cpt. In 

fact, 

(p 2 )* = (jpi)* = ^(pir = ^t. 

Let us denote by V s the Levi-Civita connection of S. The second fundamental 
form II derived from n is defined by the Gaufi formula: 

(8) V X Y = V S X Y + II(X,Y)n, X,YgX(S). 

By using 

V t t = (V Pl pi)* - g(t, ip t)£ = (R o vr)n. 

Hence Vft = 0. Since ^ is Killing, we have Vf ^ = Vf£ = 0. Thus Sj is flat. The 
second fundamental form // is described as 

ff(t,t) = K0 7r, //(t,e) = -i, n(t,t) = o. 

The mean curvature is H = (R o ir) /2 and the mean curvature vector field H is 
W = Hn. 

In case M = S 3 , is called the Hopf cylinder. In particular if 7 is closed, then 
is a flat torus in S 3 and called the Hopf torus over 7 (H. B. Lawson, c/. [3T] . 
|35j). The Hopf torus over a geodesic in S 2 (4) coincides with the Clifford minimal 
torus. We call the flat surface in a regular contact Riemannian manifold M a 
Hopf cylinder over the curve 7 in M. 
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1.4 Curves in Riemannian 3-manifolds 

Let (M, g) be a Riemannian manifold and 7 = j(s) : I — » M a curve parametrised 
by the arclength parameter in M. We regard 7 as a 1-dimensional Riemannian 
manifold with respect to the metric induced by g. 
We recall the following definition (c/. [2]). 

Definition 1.2 If 7(s) is a unit speed curve in a Riemannian 3-manifold (Af 3 , g), 
we say that 7 is a Frenet curve if there exists an orthonomal frame field P = 
(PI1P27P3) along 7 and two nonnegative functions k and r such that P satisfies 
the following Frenet-Serret formula: 

I -k \ 
VyP = P K -r , Pl =V(s). 
\ r / 

The functions k and r are called the curvature and torsion of 7 respectively. 

Geodesies can be regarded as Frenet curves with k = 0. A curve with constant 
curvature and zero torsion is called a (Riemannian) circle. A helix is a curve 
whose curvature and torsion are constants. Riemannian circles are regarded as 
degenerate helices. Helices, which are not circles, are frequently called proper 
helices. 

Note that, in general ambient space (M 3 ,g), geodesies may have non- vanishing 
torsion. In fact, as we shall see later, Legendre geodesies in a Sasakian 3-manifold 
have constant torsion 1. 

The Frenet-Serret formula of 7 implies that the mean curvature vector field 
EI of a Frenet curve 7 is given by 

H = VyV = k P2 . 

Let us denote by A the Laplace operator acting on the space T(7*TM) of all 
smooth sections of the vector bundle: 

7 *TM := (J T 7(S) M 
sei 

over /. Then A is given explicitly by 

A = -VyVy. 

Lemma 1.1 The mean curvature vector field M of a Frenet curve 7 is harmonic 
in j*TM (AM = 0) if and only if 

VyVy VyY = 0. 

When M is the Euclidean space E m , a curve 7 satisfies AH = if and only if 
7 is biharmonic, i.e., AA7 = since A7 = — H. 

The following general result is essentially obtained in [2lj. 
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Theorem 1.1 Let 7 be a Frenet curve in a Riemannian 3-manifold (M,g). Then 
7 satisfies AH = AH in 7*TM if and only if 7 is a geodesic (A = 0) or a helix 
satisfying A = k 2 + r 2 . 

Proof. Let 7 be an open interval and 7 = 7(s) : 7 — ► M be a curve parametrised 
by the arclength parameter s with Frenet frame field P = (pi,P2 5 P3)- Direct 
computation shows that 

(9) VyH = -K 2 P i + k' p 2 + KT P3 . 

Let us compute the Laplacian of H: 

-AH = Vy VyH = -3kk' pi + (k" - k 3 - kt 2 ) P2 + {2k't + kt')p 3 . 
Hence AH = AH if and only if 

K t' = 0, K 3 + KT 2 = Xk. 

These formulae imply that 7 is a geodesic or a helix satisfying A = k 2 + r 2 . 

Conversely every geodesic satisfies AH = 0. Helices satisfy AH = AH with 
A = K 2 + t 2 . □ 

Corollary 1.1 (|19j) Let 7 be a curve in Euclidean 3-space E 3 . Then 7 is bihar- 
monic if and only if ^7 is a straight line. 

On the contrary, in indefinite semi-Euclidean space, there exist nongeodesic 
biharmonic curves. Chen and Ishikawa [15] classified biharmonic spacelike curves 
in E™. (See also [28J). 

1.5 Curves with normal-harmonic mean curvature 

The results in the preceding subsection say that to characterise curves which are 
non geodesies we need to use another differential operator for our purpose. 
In this subsection we use the normal Laplacian. 

Let 7 : 7 — > M be a Frenet curve in an oriented Riemannian 3-manifold M 
parametrised by the arclength. Denote by P = (pi, P2, P3) the Frenet frame field 
of 7 as before. Then the normal bundle T _L 7 of the curve 7 is given by 

T ± 7=ljT s ± 7 ; T s i 7 = Rp 2 ( S )©R P3 ( S ). 

sei 

The normal connection V -1- is a connection of T _L 7 defined by 

VyX = normal component of VyX 

for any section X of the normal bundle T _L 7. 

By using the Frenet frame field, V -1- can be represented as 

ViX = VyX- 5 (VyX, Pl ) Pl . 
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Let us denote by A the Laplace operator acting on the space F(T 7) of all 
smooth sections of the normal bundle T^j. The operator A^ is called the normal 
Laplacian of 7 in M. The normal Laplacian A 1 - is given by 

A ± X = -V^V^X, X € r(T ± 7 ). 

Now we compute A^H. From (ED, we have 

V^M = k / P2 + KTP3. 

From this equation, we get 

-A-4HI = (k" - KT 2 )p 2 + (2k't + kt')p 3 . 



Theorem 1.2 (cf. [21]) A curve 7 satisfies A M = AH i/ and or% if 

k" - kt 2 = -Ak, 2k! t + kt' = 0. 

Corollary 1.2 ^4 curve 7 satisfies A-'-H = if and only if 

k" - kt 2 = 0, 2k t + kt' = 0. 

We shall apply these general results for curves in Sasakian 3-manifolds in 
the next section. Note that Barros and Garay classified curves, which satisfy 
A^M = AH in space forms @],[5]. 

2 Curves and surfaces in 3-dimensional 
Sasaki manifolds 

2.1 Curves in 3-dimensional Sasaki manifolds 

Now let M 3 = (M,rj,^,f,g) be a contact Riemannian 3-manifold with an as- 
sociated metric g. A curve 7 = 7(s) : / — > M parametrised by the arclength 
parameter is said to be a Legendre curve if 7 is tangent to the contact distribu- 
tion D of M. It is obvious that 7 is Legendre if and only if 77(7') = 0. 

Let 7 be a Legendre curve in M 3 . Then we can take a Frenet frame field 
P = (Pi,P2,P3) so that pi = 7' and p 3 = £. (See [2]). 

Now we assume that M is a Sasaki manifold. Then by definition, the Frenet- 
Serret formula of 7 is given explicitly by 

/ — k 

VyP = P\ K -1 
\ 1 
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Namely every Legendre curve has constant torsion 1 [2]. 

Now we investigate curves with harmonic or normal-harmonic mean curvature 
vector field in Sasakian 3-manifolds. 

The following two results are direct consequence of Theorem 1 1 . 1 1 and Theorem 
11.21 respectively. 

Corollary 2.1 Let 7 be a Legendre curve in 3- dimensional Sasaki manifold. 
Then 7 satisfies AH = AH in j*TM if and only if 7 is a Legendre geodesic 
(A = 0) or a Ledendre helix satisfying A = k 2 + 1 (A ^ 0). 

Remark 2.1 Sasaki manifolds together with compatible Lorentz metric are called 
Sasakian spacetimes ( [20J , [40J ) . On Sasakian spacetimes, the Reeb vector fields 
are timelike. Every 3-dimensional Sasakian spacetime contains proper biharmonic 
Legendre curves. In fact, in a 3-dimensional Sasakian spacetime biharmonic Leg- 
endre curves are Legendre geodesies or Legendre helices with curvature 1. (cf. 
[28]). 

Proposition 2.1 Let 7 be a Legendre curve in a Sasakian 3-manifold. Then 
A^H = AH if and only if 7 is a Legendre geodesic (A = 0) or a Legendre helix 
with constant nonzero curvature (A 7^ 0). In the latter case, A = 1. 

2.2 Biharmonic Hopf cylinders 

In this section we study harmonicity and normal-harmonicity of the mean curva- 
ture of Hopf cylinders. 

Let M 3 be a regular Sasaki manifold with Boothby-Wang fibration it : M — > 

M. 

Take a curve 7 = 7(5) parametrised by the arclength s in the base space form 
M. Let us denote by S = the Hopf cylinder of 7. (See Section [L~3j) 

Let t = (pi)* be the horizontal lift of pi with respect to the Boothby-Wang 
fibering. Then (t,£) gives an orthonormal frame field of M. The unit normal 
vector field n is the horizontal lift of p2- Note that n = (ft. 

The mean curvature vector field H of S is H = H n = (R o 7r)n/2. 

Now we study harmonicity and normal-harmonicity of H. Denote by t the 
inclusion map of S into M. Then the Laplace operator A acting on the space 
T(l*TM) and the normal Laplacian A^ of S are given by 

a = - (v t Vt + v e v e ) , a ± = - (yivi + v^) , 

respectively. Direct computation shows that 

V t H = —2H 2 t + H'n + H£, V^M = H'n, V ? H = Ft, H = 0, 

V 5 V e H = -Hn. 
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Thus we get 



-AM = -6HH't + (H" - 4H 3 - 2H)n + 2H'£, 



—AH = H"n. 



Theorem 2.1 A Hopf cylinder &> in a 3 -dimensional regular Sasaki manifold 
satisfies AH = AH in i*TM if and only i/7 is a geodesic (A = 0) or a Riemannian 
circle (A 7^ 0). In case that A 7^ 0, the eigenvalue A is A = 4H 2 + 2 > 2. 

Remark 2.2 Every Hopf cylinder in a 3-dimensional regular Sasaki manifold is 
anti invariant. Sasahara showed that an anti invariant surface in R 3 (— 3) satisfies 
AH = AH, A 7^ if and only if it is a Hopf cylinder over a circle with A > 2. See 
Proposition 11 in [37] . 

Lemma 2.1 A Hopf cylinder satisfies A-'-H = AH if and only if 7 is defined 
by one of the following natural equations: 

(1) R(s) = as + b, a,6sR, A = 0; 

(2) R(s) = acos(V\s) + &sin(\/Xs), A > 0; 



(3) k(s) = aexp(V— As) + 6exp(— \J — As), A < 0. 

Proof. The Hopf cylinder satisfies A^H = AH if and only if 7 satisfies 



Thus the result follows. □ 

Theorem 2.2 A Hopf cylinder S~ satisfies A^H = if and only if 7 is one of 
the following: 

(1) a geodesic; 

(2) a Riemannian circle or, 

(3) a Riemannian clothoid ( Cornu spiral ). 

Here a Riemannian clothoid is a curve in M 2 whose curvature is a linear function 
of the arclength. 

Remark 2.3 On curves in Riemannian 2-space forms, the following result is 
obtained [23] : 

Theorem 2.3 Let 7 be a curve in Riemannian 2-manifold M 2 . To avoid the 
confusion, let us denote by and Hy the normal Laplacian of 7 and the mean 
curvature vector in M 2 respectively. Then A^Hy = AHy if and only if 





r" + Ak = 0. 
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(1) 7 is a geodesic, Riemannian circle or a Riemannian clothoid; 

(2) R(s) = acos(V\s) + bsm(\f\s), A > 0; 

(3) k(s) = aexp(^-As) + bexp(-^/^Xs), A < 0. 

Corollary 2.2 Let M be a 3- dimensional regular Sasaki manifold 

with Boothby-Wang fibering ir : M — » M. Let j be a curve in M. Then the Hopf 

cylinder S = satisfies A^H = AH if and only if 7 satisfies A^HLy = AH^. 

Theorem 12.21 is a generalisation of a result obtained by Barros and Garay [3j. In 
fact, if we choose M 3 = S 3 then we obtain the following. 

Theorem 2.4 ([3]) A Hopf cylinder S~ in the unit 3-sphere S 3 satisfies A^H = 
if and only if 7 is one of the following: 

(1) a geodesic, 

(2) a Riemannian circle or 

(3) a Riemannian clothoid. 

Here a Riemannian clothoid is a curve in the 2-sphere 5 2 (l/2) of radius 1/2 
whose curvature is a linear function of the arclength. 

Riemannian clothoids are called "Cornu spirals" in [3]. 

Part II 

3 Polyharmonic maps 

Let (M m ,g) and (N n ,h) be Riemannian manifolds and eft : M — > N a smooth 
map. The tension field 7(c/>) is a section of the vector bundle 4>*(TN) defined by 



A smooth map <j> is said to be a harmonic map if its tension field vanishes. It is 
well known that <f> is harmonic if and only if <f> is a critical point of the energy: 



over every compact supported region of M. 

Now let 4> be a harmonic map. Then the Hessian Ti^ of the energy is given 
by the following second variation formula: 



T(0) := tr(V#). 
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Here the operator S<j> is the Jacobi operator of the harmonic map eft defined by 



J^-A^V-K^V), V G T((j)*TN), 

m m 

^ ■■= "{£(V£v£ - V tvJ> KfOO = Y,R N (V,d ( f>(e i ))d<i>(e z ). 

i=l i=l 

Here V^, R and {e^} denote the induced connection of <f>*TN, curvature tensor 
of N and a local orthonormal frame field of M, respectively. 

For general theory of harmonic maps and their Jacobi operators, we refer to 
[21] and 02]. 

J. Eells and J. H. Sampson suggested to study polyharmonic maps (See [23] 
and |21j, p. 77 (8.7)). Let cf) : M — > N be a smooth map as before. Then is said 
to be a polyharmonic map of order k if it is an extremal of the functional: 

E k {4>) = j \(d + d*) k <P\ 2 dv g . 

Here d* is the codifferential operator. In particular, if k = 2, we have 

#2(0) = J \7(<P)\ 2 dv g . 

The Euler-Lagrange equation of the functional E% was computed by Caddeo 
and Oproiu (See [9|, p. 867) and G. Y. Jiang [29]-[30], independently. The Euler- 
Lagrange equation of E% is 

7 2 (<f>) ■= - = o. 

Remark 3.1 Let <j> : M — > N be an isometric immersion. Then its tension field 
is mi. Thus the functional E 2 is given by 

E 2 {(j)) =m 2 J \U\ 2 dv g . 

In case that M is 2-dimensional, E 2 ((p) the total mean curvature of M up to 
constant multiple. See [TT], Section 5.3. 

In particular, if N = E n and (j) an isometric immersion, then 

7 2 {<t>) = -A M A M <t>, 

since Am<P = mi. Here Am is the Laplacian of (M, g). Thus the polyharmonicity 
(of order 2) for an isometric immersion into Euclidean space is equivalent to the 
biharmonicity in the sense of Chen. On this reason, polyharmonic maps of order 
2 are frequently called biharmonic maps (or 2-harmonic maps) [9], [22]) [30]) [34] . 

Obviously, the notion of p-harmonic map in the sense of [22], p. 397 is different 
from that of polyharmonic map of order p. 
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Hereafter we call polyharmonic maps of order 2 by the name "polyharmonic 
maps" in short. 

Caddeo, Montaldo and Oniciuc classified polyharmonic curves in 
3-dimensional Riemannian space forms. More precisely they showed the following 
two results. 

Theorem 3.1 ([9]) Let N be a 3-dimensional Riemannian space form of non- 
positive curvature. Then all the polyharmonic curves are geodesies. 

Next for the study of polyharmonic curves in positively curved space forms, 
we may assume that N 3 is the unit 3-sphere. 

Theorem 3.2 ([9]) Let 7 : I — > S 3 be a polyharmonic curve parametrised by the 
arclength. Then < k < 1 and 7 is one of the following: 

(1) k is a geodesic (n = 0) . 

(2) If k = 1 then 7 is a Riemannian circle of curvature 1; 

(3) If < k < 1 then 7 is a geodesic of the Clifford minimal torus of S 3 . 
The preceding theorem implies the following result: 

Corollary 3.1 Lei 7 : I — > S 3 be a Legendre curve parametrised by the arclength. 
Then 7 is polyharmonic if and only if 7 is a Legendre geodesic. 

In fact, curves in the the latter two classes can not be Legendre. (Recall that 
every Legendre curve has constant torsion 1). 

Now we study polyharmonic Legendre curves in contact Riemannian 3-manifolds. 

Let M 3 be a contact Riemannian 3-manifold and 7 : I —* M a Frenet curve 
framed by (pi,P2>P3)- Then direct computation shows that 

92(7) = — 3k«'pi + («" - K 3 - KT 2 )p 2 + {2KT + KT')p3 + Ki?(p 2 , Pl)pi- 

Now assume that M is a Sasakian space form of constant holomorphic sec- 
tional curvature c then 

-R(P2,Pl)Pl = P2 
C - 1 

+ — 4— MP2)»7(pi)pi 

- ??(Pi) 2 P2 - r/(p 2 )£ + 3#(P2, ^pO^Pl}- 

In particular, if 7 is Legendre, then i?(p2,pi)pi = cp 2 . Thus a Legendre 
curve 7 in M is polyharmonic if and only if 

k = constant, k 3 — (c — 1)k = 0, r = 1. 
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If we look for nongeodesic polyharmonic Legendre curves, we obtain 

K = constant, k = c — 1, r = 1. 

Thus we obtain the following result which is a generalisation of Corollary 13,11 

Theorem 3.3 Let M 3 (c) be a Sasakian space form of constant holomorphic sec- 
tional curvature c and 7 : I — > M a polyharmonic Legendre curve parametrised 
by the arclength. 

(1) If c<\, then j is a Legendre geodesic; 

(2) If c > 1, then 7 is a Legendre geodesic or a Legendre helix of curvature 
Vc^T. 

Let (j) : M — > N be an isometric immersion. Then (f> is a critical point of the 
volume functional if and only if (p is minimal. The Jacobi operator 3 of a minimal 
immersion (j> (with respect to the volume functional) is appeared in the second 
variation formula of the volume and given by [35] 

dv = A ± v-$v + $.(v), v €r(r- L M). 

Here the operators 8 and 01 are defined by 

m 

h(SV, W) = tr(Av o Aw), %(V) = ^2(R N (d<l>(ei), V)d(f>(e i )) ± . 

i=i 

Here Ay denotes the Weingarten operator with respect to V. 

Arroyo, Barros and Garay studied submanifolds in S 3 whose mean curvature 
vector fields are eigen-section of the Jacobi operator with respect to the volume 
functional pQ, [1], [5]. Such study for surfaces in 5-dimensional Sasakian space 
forms can be found in [37] . 

It seems to be interesting to study similar problems for submanifolds in space 
forms or Sasakian space forms with respect to the energy functional. 

In [S], all the polyharmonic surfaces in 5 3 are classified. More precisely, the 
only non-minimal polyharmonic surfaces are totally umbilical 2-spheres. 

Based on this result, we would like to propose the following problem: 

Are there non-minimal and non totally umbilical polyharmonic submanifolds 
in homogeneous Riemannian manifolds ? 

To close this paper, we study polyharmonic Hopf cylinders in 
3-dimensional Sasakian space forms. Moreover we show the existence of non- 
minimal and non totally umbilical polyharmonic surfaces in Sasakian space forms. 

First we recall the following result which is a consequence of the main result 
in [9]: 



15 



Proposition 3.1 There are no non minimal polyharmonic Hopf cylinders in the 
unit 3-sphere S 3 . 

Now we generalise this result to Sasakian space forms. 

Let S = Sy be a Hopf cylinder and i : S C M 3 (c) its inclusion map into a 
Sasakian space form M 3 (c). Then the bitension field T2(t) is given by 

7 2 (t) = -Jtfif)) = -2J L (B). 

We use the orthonormal frame field {t, £} as before. Then since S is flat, we have 

A i H = AH, 1Z(M) = H(R(n, t)t + R(n, £)£). 

Using the curvature formula of Sasakian space form, we get 

H(B) = (c+l)Hn. 

Hence 

J L (W) = GHH't - (H" - 4H 3 + (c - l)H)n - 2H'£. 
Thus J t (M) = AH if and only if 

H' = 0, AH 3 = (c - 1 + X)H 

and hence H = or A = AH 2 + 1 - c, H ^ 0. 

Theorem 3.4 Let S be a Hopf cylinder in a Sasakian space form M 3 (c). Then 
S satisfies J L {M) = AH if and only if the base curve of S is a Riemannian circle 
or a geodesic. In case that the base curve is not a geodesic, then A = AH 2 + 1 — c. 

Corollary 3.2 Let i : Sy — > M 3 (c) be a polyharmonic Hopf cylinder in a Sasakian 
space form. 

(1) If c < 1 then j is a geodesic; 

(2) If c> 1 then 7 is a geodesic or a Riemannian circle of curvature R = y/c — 1. 

In particular, there exist nonminimal polyharmonic Hopf cylinders in 
Sasakian space forms of holomorphic sectional curvature greater than 1. 

References 

[1] J. Arroyo, M. Barros and O. J. Garay, Spectral decomposition of spherical 
immersions with respect to the Jacobi operator, Glasgow Math. J. 40 (1998), 
205-212. 

[2] C. Baikoussis and D. E. Blair, On Legendre curves in contact 3-manifolds, 
Geom. Dedicata 49 (1994), 135-142. 



16 



[3] M. Barros and 0. J. Garay, On submanifolds with harmonic mean curvature, 
Proc. Amer. Math. Soc. 123 (1995), 2545-2549. 

[4] M. Barros and 0. J. Garay, Isometric immersions with Jacobi mean curvature 
vector field and related problems, Geometry and Topology of Submanifolds 
VI, (F. Dillen et al eds.), World Scientific Publ., Singapore, pp. 23-42. 

[5] M. Barros and O. J. Garay, Euclidean submanifolds with Jacobi mean cur- 
vature vector field, J. Geom. 58 (1997), 15-25. 

[6] J. Berndt, F. Tricerri and L. Vanhecke, Generalized Heisenberg Group 
and Damek-Ricci Harmonic Spaces, Lecture Notes in Math. 1598 (1995), 
Springer Verlag. 

[7] D. E. Blair, Riemannian Geometry of Contact and Symplectic Manifolds, 
Progress in Mathematics, 203, Birkhauser Boston, Inc., Boston, 2002. 

[8] W. M. Boothby and H. C. Wang, On contact manifolds, Ann. Math. 68, 
(1958), 721-734. 

[9] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds of S" 3 , 
Internat. J. Math. 12 (2001), 867-876. 

[10] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds in spheres, 
Israel J. Math. 130 (2002), 109-123. 

[11] B. Y. Chen, Total Mean Curvature and Submanifold of Finite Type, World 
Scientific Publ., Singapore, 1984. 

[12] B. Y. Chen, Some classification theorems for submanifolds in Minkowski 
space-time, Arch. Math. (Basel) 62 (1994), 177-182. 

[13] B. Y. Chen, Submanifolds in de Sitter space-time satisfying AH = XH, Israel 
J. Math. 91 (1995), 373-391. 

[14] B. Y. Chen, Report on submanifolds of finite type, Soochow J. Math. 22 

(1996) , 117-337. 

[15] B. Y. Chen and S. Ishikawa, Biharmonic surfaces in pseudo-Euclidean spaces, 
Mem. Fac. Sci. Kyushu Univ. A 45 (1991), 323-347. 

[16] F. Defever, Hypersurfaces of E 4 with harmonic mean curvature vector, Math. 
Nach. 196 (1998), 61-69. 

[17] F. Defever, Hypersurfaces of E 4 satisfying AH = XH, Michigan Math. J. 44 

(1997) , 355-364. 

[18] F. Defever, Theory of semisymmetric conformally flat and biharmonic sub- 
manifolds, Balkan J. Geom. Appl. 4 (1999), 19-30. 



17 



[19] I. Dimitric, Submanifolds of E m with harmonic mean curvature vector, Bull. 
Inst. Math. Acad. Sinica 20 (1992), 53-65. 

[20] K. L. Duggal, Space time manifolds and contact structures, Internat. J. 
Math. Math. Sci. 13 (1990), 545-554. 

[21] J. Eells and L. Lemaire, Selected Topics in Harmonic Maps, CBMS Regional 
Conference Series in Mathematics, 50 (1983), Amer. Math. Soc, Providence, 
RI. 

[22] J. Eells and L. Lemaire, Another report on harmonic maps, Bull. London 
Math. Soc. 20 (1988), 385-524 

[23] J. Eells and J. H. Sampson, Variational theory in fibre bundles, Proc. U.S.- 
Japan Seminar in Differential Geometry (Kyoto 1965), pp. 22-33. 

[24] A. Ferrandez, P. Lucas and M. A. Meroho, Biharmonic Hopf cylinders, Rocky 
Mountain J. Math. 28 (1998), 957-975. 

[25] O. J. Garay, A classification of certain 3-dimensional conformally flat Eu- 
clidean hypersurfaces, Pacific J. Math. 162 (1994), 13-25. 

[26] C. Gherghe, On some submanifolds with harmonic mean curvature vector 
field, Math. Rep. (Bucur.) 1(51) (1999), 47-51. 

[27] Th. Hasanis and Th. Vlachos, Hypersurfaces in E 4 with harmonic mean 
curvature vector field, Math. Nachr. 172 (1995), 145-169. 

[28] J. Inoguchi, Biharmonic curves in Minkowski 3-space, Internat. J. Math. 
Math. Sci. 21 (2003), 1365-1368. 

[29] G. Y. Jiang, 2-harmonic isometric immersions between Riemannian mani- 
folds (Chinese), Chinese Ann. Math. A 7 (1986), 130-144. 

[30] G. Y. Jiang, 2-harmonic maps and their first and second variational formulas. 
(Chinese), Chinese Ann. Math. A 7 (1986), 389-402. 

[31] Y. Kitagawa, Periodicity of the asymptotic curves on flat tori in S* 3 , J. Math. 
Soc. Japan 40 (1988), 457-476. 

[32] K. Ogiue, On fiberings of almost contact manifolds, Kodai Math. Sem. Rep. 
17 (1965), 53-62. 

[33] B. O'Neill, The fundamental equations of a submersion, Michigan Math. J. 
13 (1966), 459-469. 

[34] C. Oniciuc, Biharmonic maps between Riemanniann manifolds, An. §tiint. 
Univ. Al. I. Cuza IasL Mat. (N.S.) 48 (2002), no. 2, 237-248 (2003). 



18 



[35] U. Pinkall, Hopf tori in S 3 , Invent. Math. 81 (1985), 379-386. 

[36] T. Sasahara, Submanifolds in a Sasakian manifold R 2n+1 (— 3) whose 0-mean 
curvature vectors are eigenvectors, J. Geom. 75 (2002), 166-178. 

[37] T. Sasahara, Spectral decomposition of mean curvature vector fields of sur- 
faces in a Sasakian manifold R 2n+1 (-3), Results Math. 43 (2003), no. 1-2, 
168-180 

[38] T. Sasahara, Legendre surfaces whose mean curvature vectors are eigenvec- 
tors of the Laplace operator, Note Mat. 22 (2003/04), no. 1, 49-58. 

[39] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 
(1968), 62-105. 

[40] T. Takahashi, Sasakian manifold with pseudo-Riemannian metric, Tohoku 
Math. J. (2) 21 (1969), 271-290. 

[41] S. Tanno, Sasakian manifolds with constant (/9-holomorphic sectional curva- 
ture, Tohoku Math. J. 21(1969), 501-507. 

[42] H. Urakawa, Calculus of Variations and Harmonic Maps, Translations in 
Math. 132, Amer. Math. Soc, Providence, 1993. 

Department of Mathematics Education, Faculty of Education, 
Utsunomiya University, Minemachi 350, Utsunomiya, 321-8505, Japan 
E-mail address: inoguchi@cc.utsunomiya-u.ac.jp 

Current Address: 

Department of Mathematical Sciences, Faculty of Science, 
Yamagata University, Kojirakawa 1-4-12, Yamagata, 990-8560, Japan 
E-mail address: inoguchi@sci.kj .yamagata-u.ac.jp 



19 



